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Symbol Physical quantity Units
E-l Flexural rigidity N-m?, Pa-m*
y Deflection or deformation m

0 Slope, Slope of the deflection, Angle of rotation -

X Distance from support (origin) m

L Length of beam (without overhang) m

M Moment, Bending moment, Couple moment applied N-m
P Concentrated load, Point load, Concentrated force N

w Distributed load, Load per unit length N/m
R Reaction load, reaction force N

"4 Shear force, shear N

Simple beam - Uniformly distributed load

yd

AN

+ L »
|

Annnnng

— WX
Deflecti = ([ -2Lx" +x°
eflection ¥,z 24EI( )
— 5w, _
Yvax = o AT
384E] 2
-Ww
SI 0,,=—2>(L-6Lx" +4x°
ope AB 24EI( )
—w, L
0, =-0,=—2-2
A B 24EI
Moment MAB=%(L— )
w, L _
MMAX: at x=—
8
Shear VABz%(L—Zx)
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Simple beam - Uniform load partially distributed at left end (1)
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Deflecti = —24Lx* +16x°
eflection y,¢ 384E[ )
8x° —24Lx* +17*x - I’

e 384EI( )

Slope 0, =— 0 (9 ~72Lx +64x°)
AC T 384E]
24x* —48Lx+17L*
8 384EI( )
_ =3wl _Twl’
A 128EI B 384E]

Moment M, = %(3Lx—4x2) M, = %(LZ — Lx)

—w,L
Shear V.= %(u —8x) V= ZO
Va =R, Ve =—Ry
3w, L L
Reactions R, = Méo R, = Wg

Simple beam - Uniform load partially distributed at left end (Il)
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Deflection:
Vac = 24LE[ (a —4a’L +4a’ L’ +2a°x” — dalx’ + Lx°)
Wo 2 2
a’L+4Lx+a’x - 6Lx" +2x°
Yes = oarer )
Slope:
0, = 24ngl (a* —4a’L +4a>I* + 6a°x> —12alx* + 4Lx")
0, A +a® —12Lx + 6x°
CB — 24L ( )
Moment:
-
M, = 2L0 (a’x—2alx+Lx*) M, =
Shear:
Vi=—20(q>-2aL+2Lx) V. =V.=V _wd’
AC L CB C B L

Reactions R, = WL;QL -a) Ry= W




Simple beam - Uniform load partially distributed
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) R.x’ R. X’ w,
Deflection y,. = 61271 +ax Yo = 6/}?] —2421 (x—a)* +ox
_R(L-x) | BL-x)
PP 6El L
R, x* R.xX* w
Slope: 6,.=—2"+a 6O0.="2"_"2(x—a) +a
Pe Cac =5 gy L 2FEI 6EI( )
o _—Rl-x)" B
P8 2EI L

Moment M ,.=R,x M. =R, x— %(x —a)’

My :RB(L_X)
Shear VAC =V, = Vc =R, VCD =R, —wo(x—a)
Vog =Vp =V =—Ry

w,b w,b
Reacti R, =—2Q2c+b R.=—"QRa+b
eactions R, 2L( ) B 2L( )

Where:
. w,b’L —6EIB —3R,c’L —3R, L(a+b)’
6LEI
B = 4w,ab’ +3w,b* —8R, (a+b) —12R,c’L +8R,c’
24E1

Simple beam - Uniform load partially distributed at each end
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Moment M, .=R,x—

2
M :RAX—%Qx—a) M, :RB(L_X)_M

Shear:
Vie=R,—-wx Vi =R,—-wa Vyg=—Ry;+w,(L—x)
Reactions:
wa(2L — a) +w,c’ R = wye(2L — ) + wa’
2L b 2L

R, =




Simple beam - Load increasing uniformly to right end
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R f;%ull'llli
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Y (T 10026 +3xY)

Deflection y,5 =

360LEI

4

Punx = —0,00652 Wgﬁ at x=0,5193L

N S1 0 7L —30L°x* +15x*
L | ope AP 36OLEI( )
_=Tw, L’ _w L
A 360EI B 45E]
W
M t M,,=—2(Lx—x
omen AB Ty ( )
Shear Vg = &(Lz -3x7%)
6L
L 2w, L
Reactions R, = lid] R, = %
6 6
Simple beam - Load increasing uniformly to center
. — W,X
) Mo -~ Deflection y,. = 96OL0EI (517 —4x%)*
ALev v l l + I I Y¥v_ B Ve = LT 512 g2y
C L x 960LEI
‘ h 4
L_ | L é;. oWl v
A A I = 0BT 2
Sl 0 S50 —4x*)(L - 4x?
ope AC 192LEI ——( )¢ )
0 S50 —4(L-x))(L* —4(L-x
cB 192LE]( (L-x)*)( (L-x)*)
0 —_ _ =5w, L’
A 5 192E1
W,
M t M, .=—20CLx-4x
omen Y ( )
w, (L — x) 2 2
M., =—2""23-4(L—-x
CB 2L ( ( ))
W, —W
Sh Vie=—2(L"-4x") Vo =—2("-4(L-x)’
car AC 4L( ) CB 4L ( ( )7)
L
Reactions R, =R, = %




Simple beam - Sinusoidal distributed load

4
. - W, . TX
1 — X |Deflection = 0" Gin=
y W =W sin = Vs - 7
_—w L
A B Ymax =3 7 at X_E
X ) s
é _ M o _p _—WL
| L . Slope 0,5 =] cosf 0, =-0, = =
2
Moment M, = Wof sinE
o L
L L
Shear Vig = Mo cos X V,=-V, = WMok
Iy L b
L
Reactions R, =R; = %o
T
Simple beam - Concentrated load at center

Reactions R,

iy
Deflection  yye = —— (3L* — 4x?)

g P 48E]
A v B :_P(L_x) 3L2_4L_x2
A C é—i =" 4gEr (£=x))
- Pl
L L al = e at X =—
2 ) | Ymax = Ve 48E] 5
Slope:
_P _P
0, =——(I*-4x*) 0. =——(4x* —8Lx+3I*
AC 16EI( ) CB 16EI( )
P’
e R e
A B 16EI
P P(L —
Moment MAC=7x M, = (2 X)
-P
Shear Vie=V, = Vg =Va :7




Simple beam - Concentrated load at any point

- Pb
V1t p Deflection ¥,. = 6LE;“ (12 —b* —x7)
A Cv B _ZPAL=0 ey
A é‘:fl’ YcB 6LE] [ ( ) ]
b Slope:
) a — ~Pb Pa
) L g =—— (I’ -b*-3x") O, = L' —a*-3(L-x)°
o= ) b= (L=2]
2 2
AT —Foll _b_) 0y = Pa ( z_az)
6LEI 6LEI
Pb Pa(L-
Moment M, = Tx M, = Q
Pb - P
Shear Vie =V, = 7 Vg =V5 = La
Pb P
Reactions R, = — Ry = Ta
Simple beam - Two equal concentrated loads symmetrically placed
- P
Y4 P IP Deflection y,c = 6_E;C(3aL —3a’ —x%)
A Cw wvbD B =% 3xt —d?
A é:;’ Ycp 6E] ( )
- P(L-x) 2 2
— — =————*B8al-3a"-(L—x
‘ a— I a—:l YpB 6F] [ ( ) ]
_Pa 2 2 L
=——3L -4a t x=—
Ymax 2AE] ( ) a 5
-P — Pa
Sl 0..=——(al—-a*-x*) 0., =——(L-2x
ope AC ZEI( ) O 2El ( )
P
0., =——laL —a* — (L —x)’
by =357 (L=
—P(aL —a’)
0 =—9. = ““="¢)
AR 2EI
Moment M,.=Px  Mq, =Pa My = P(L—x)
Shear Vie=P Vep =0 Vog =—P
Reactions R, =R, =P
Simple beam - Two equal concentrated loads unsymmetrically placed
vt Moment M ,.=R,x M., =R, x—P(x-a)
P P Mg = Ry (L—x)
A Cwv wvbD B Shear Vie =R, Vep =R, —P Vop =Ry
d P(L-a+b P(L-b+
'A' " é Reactions R, = % R, = %
«— (] —> — 41
L »




Simple beam - Two unequal concentrated loads unsymmetrically placed

. Moment M, =R,x M, =R x~F(x—a)
g h b My = Ry(L—x)
A C v v D B Shear VAC = RA VCD = RA - Pl VDB = _RB
x P(L-a)+Pb P(L-b)+P,
A 5 é Reactions R, = Al=a)+Bb Z) : R, = B(L=b)+Ra L) i@
— (g —> — 41
L *
Simple beam - Couple moment Mo at right end
- M x
4 Deflection = (L - x?
Y M, YaB 6LEI ( )
-M
A Slope 0,, = 2 (> —3x7)
.A. B X 6LE]
_—-ML ML
L | AT 6EI ° 3EI
M
Moment M ,; = Lox
M
Shear Vig = TO
M -M
Reactions R, =—2 R,=—"
L L
Simple beam - Couple moment Mo at left end (l)
M x
4 Deflection =" (2L -3Lx+x’
y M, YaB 6LEI( )
™ B M, 3-43
Ymax = =7 x=——IL
A é x 93EI 3
L N| _ Mo 2 2
Sl 0. = 217 —6Lx+3x
| ope AB T ( )
ML ML
A O3Er P 6EI
-M
Moment M, = L (L-x)
Shear Vg = TO
M -M
Reactions R, =—% R, = 0
L L




Simple beam - Couple moment Mo at left end (ll)

) - M x
y1 M, Deflection y, = 6Lbi)l (2% =3Lx + x°)
R ~ M, 3-43
L Yvax = = =|—5—|L
A Bé x 9\3EI 3
« L »| o 2
SI 0 21 —6Lx+3x
| ope AB 6LE] ( )
~M,L ML
A 3EI b 6EI
M
Moment M, = —O(L —X)
—M
Shear Vg = 7 0
-M M
Reactions R, ¢ R,=—"2"
Simple beam - Couple moment Mo at center
) -M x
yt M, Deflection y,c = 24L](E)?I L’ —4x7)
A A B _M — 4L - x
- . cB 2 ALE] (L = 4L -x)")
L L é Sl 0 My 12y
5 2 ope e = Sarar ¢ R
M,
12(L-x)*-L°
B = 2 2 LEI( (L—x)" L")
M
0, = M, L’-3b%) 0, 0 (-L*+3a’
A 6LE[( ) 6LEI( )
M -M
Moment M, = 2ot M,=—2(L-x)
L L
M M
Shear VAC = TO VC = TO
M -M
Reactions R, =—% R, L
L L




Simple beam - Couple moment Mo at any point

- M. x
4 Deflecti = 0% ([* -3b* —x*
y M, eflection  y,¢ GLEI ( )
A L Yen =%(ﬁ 30> ~(L-x)))
VAN ¢ AT
« e SI 0 [’ -3b* —3x°
: a 7 b—:l ope AC 6LEI( )
M
6. =—2(-[*+3a*+3(L—x
CB 6LEI( ( )*)
-M,
6, =——2(I*-3b* 0, = M, +3q?
A 6LEI( ) BT GLEl )
M —
Moment M, = o® M= 0(L—x)
L L
M M
Shear Vi =—L° Vg = —LO
M -M
Reactions R, =—2 R, = 0
L L

Simple beam - Couple moments M, and M; at each end ()

) —x(L—x)
4 Deflect =— (M, -M )x—2M, +M,)L
y M, M, criection  Y,p 6LE] [( 1 )X —(2M, 2)]
Y /}3‘( Slope:
A B 0 M, —M,)(3x* —2Lx)—(2M, + M,)2Lx - I’
E; LAY (0= v, M) )—( X )]
« L »| 1
| Moment M, Z[(M —M,)x—LM,]
M —-M
Shear Vig=——"2=
L
M, -M M, -M
Reactions R, =—+—2 R, =—2—1
L L
Simple beam - Couple moments M, and M, at each end (ll)
. —x(L—x)
A Deflect =—|M, +M,)x-2M,-M,)L
Y, p, | Peflection viw ==l = L]
N\ Slope:
A BAY X [0, =L (M, +M,)(3x —2Lx) - (M, - M,)2Lx ~ [2)]
6LEI
« L :i 1
Moment M ,, = Z[(M1 +M,)x—LM,|
M, +M
Shear Vig=—"—"2=
L
M +M -M, -M
Reactions R, =——2%* R,=—I"—""2

L L




Simple beam - Two equal couple moments Mo at each end

- M x
4 Deflection =—%(L-x
1 uM, M, Yan = (L=
A -M, I x
= a = —
A B/VY x P = ey 2
- -M,L
N S1 0, = O (L-2x) 6,=-0,= 2
L | ope AB T S ( ) 0, BT T 5gy
Moment M ,, =M,
Shear V=0
Reactions R, =R, =0
Cantilever beam - Uniformly distributed load
y Wo Deflection y,5 = 2_4;‘;0[ (x* —4Lx’ + 61°x%)
il o
 » = = at x=1L
*A Bl x Yvax = Vs RE]
- W —w, L’
« > Slope 0., =—2(x’ =3Lx* +3L%x) 9, =20
| L Y AB =y ( ) B CEl
— _ 2
Moment M ,;= ;VO (L—x)* My =M, = M;)L
Shear Vig =Wy (L—x)
Reactions R, =w,L

Cantilever beam - Uniform load partially distributed at fixed end

—w
W, Deflecti =—2(6a’x" —4ax’ +x*
L |
C B - wya’
— = 4x—a
A x Yoo = amr ¢ )
+ a » —w a3
L N Yvax =V = 240EI (4L—-a)
—W
SI 0. =—>Ba’x—3ax* +x°
ope P ( )
3
—Ww,a
Ocp = 0. =0, = 6£’I
Moment M,.=—C(a—x)> Mey=Mq.=M,=0
—wya’
My =M, = 5
Shear Vic =w,(a—x) Vg =Ve =V =0
Reactions R, =wya




Cantilever beam - Uniform load partially distributed at

free end

) -W, bx*
y lllwol ll _ Deflection y,. = Bl (BL+3a—-2x)
Wy 3 2.2 3 4
-, x'—4Lx +6L°x" —4a’x+a
Y C Bl x Yes = 5apr )
‘ a e b N - wybx
L i Slope 0, = 2];] (L+a-x)
Wy, .3 2 2 3
=——(x"=-3Lx"+3L°x—a
CB 6EI ( )
-W, 3
b = 6EI( a’)
_ _ W 2
Moment M ,.= B = (L—x)
Shear Vie=Vy=V.=wb Veg =W, (L —x)
Reactions R, =wyb
Cantilever beam - Uniform load partially distributed
) w, bx*
y 1'lw'l l Deflection y,. = 120E (6a +3b —2x)
A C D B Wo 3 2.2 3 4
x" —4(a+b)x” +6(a+b)"'x"—4da’x+a
> Yep = 24EI( (a+b) (a+b) )
—q —e—ph—He—@¢c—> Yo Ax[(a+b) —a a+b) +a
| I Yo = 24E]( [( ) ] ( ) )
—w,bx
S1 0,.= " 2a+b—x
ope  Uxc 2E] ( )
Wy .3 2 2 3
=—(x"=-3(a+b)x " +3(a+b) ' x—a
o = err ( (a+D) (a+b) )
"o ((a+b
b8 =y ((a+b)* —a’)
b
Moment M ,.= — (2a+b-2x)
_WO 2
MCD:T(a+b_x) MDB :MD:MB :0
Shear VAC = VA = VC = Wob VCD =W, (Cl +b —x)
Vg =V =V =0
Reactions R, =w,b




Cantilever beam - Load increasing uniformly to free end
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Deflection

Slope

Moment
Shear

Reactions

2

200 —10L%x + x°
ap 120LEI( )
—1lw,L*
=— 0 at x=1L
I = 0BT
0 8L —6L°x + x°
AP 24LE[( )
—w, L’
P QEI
_Wo 3 2 3
M, = 2L -3Lx+x7)
W,
VAB - 22 (L )
w, L
Ry =2

Cantilever beam - Load increasing uniformly to fixed end
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y W, (L— X)

Illlllll%%vv .

Deflection

Slope

Moment
Shear

Reactions

2

101 —10L%x +5Lx* —
Y as 120LEI(
W0L4 .
= 0~ at x=L
YMmax 30E]
0 41 —6L*x + 4Lx* — x°
AB 24LEI( )
- w, L’
B 24EI
— W,
M., = O(L-x
AB 6L ( )
w,
VAB = 22 (L- x)
R, = w,L

2

x’)




Cantilever beam - Cosinusoidal distributed load

Al W =w, cos & X Deflection y,g =
2L
I Ymax =
B X
A
« L » Slope O =
0, =—
Moment M, =
Shear Vig =
Reactions R, =

WL (4815 cos ™ 487 + 30 L — '
3n " El 2L
4
%(f -24) at x=1L
3n"El
- 3WOL (2712Lx —n’x” —8L’sin E)
n El 2L
w,l'
—— (1" -8
n’El ( )
—2w,L
= V:" al — mx — 2L cos —
T 2L
2wyl 1—sin =
T 2L
2w, L
T

Cantilever beam - Concentrated load P at free end

Deflection  y,p

- (3Lx* —x%)
6El

y P
v . -prr
A Bl x Ymax = Vs 3E]
-P
I . Slope 0,5 = SET (2Lx —x7)
-PL’
Oyax =05 =
MAX B 2EI
Moment M ,; =—-P(L—x) Myux =M, =-PL
Shear Vig=Vs=Vyg=P
Reactions R, =P
Cantilever beam - Concentrated load P at any point
_p _p2
y P Deflection  y,c = @(3%2 —-x%) Vep = 65; (Bx—a)
h 4 - Pa’
A C B—-;’ Yvax =V = 6El (3L-a)
‘ a g -P - Pa?
L N Slope QAC = ﬁ(zax - xz) GCB = QC = QB = El
Moment M ,. =—P(a—x) Myp=M.=My=0
My =M, =-Pa
Shear Vie=V\s=V.=P Veg =V =V =0
Reactions R, =P




Cantilever beam - Couple moment Mo at free end

. - M, x*
Deflection = 0
y M, Yas S El
2
A B !x Yvax = ZE?I at x =L
-M x
L , Slope 0, = 7z
Moment M,z=M,=My=-M,
Shear Vig=V,y=Vy=0
Reactions R, =0
Cantilever beam - Couple moment Mo at any point
—M.x* —M.a
Deflection =0 = " (2x—a
y M, Yac SE] CB 2El ( )
-M,a
— ———Q2L-a tx=1L
A N C B * Ymax 2El ( ) atx
« a > - M x —-Ma
L R Slope 0,c = E[O O =6.=6, = E[O
Moment M, .=M,=-M, M z=M;=0
Shear Vie =V, =V¢ =0 VCB=VC=VB=0
Reactions R, =0
Fixed-fixed beam - Uniformly distributed load
2
—W,X
W, Deflection =—" (L-x)°
LU N
— WX
- |Slope O =—> (L' =3Lx +2x°
A B F > p AB = ooy ( )
|4 L ;l Moment M, = —l_VzVo(Lz —6Lx+6x7)
Shear Vi = % (L-2x)
L
Reactions R, =R, = W;




Fixed-fixed beam - Uniform load partially distributed at left end (1)
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2

. — X
Deflection =———(wyx>—4R, x —12M
Yac 24E]( 0 A A)
3(M, +LR,)x* —R,x’
yCB — ( B B) B +
6EI
. L’(3My +LR,)-3(2M, + LR,)Lx
6EI
Slope 0, :_—x(woxz -3R,x—6M,)

6EI
Ocp = % [Ryx® —2(M,, + LRy)x + LM, + LR,)]

2

Moment MAC=RAX+MA—WO2x MCB:RB(L_X)+MB

Shear Vic =Ry —wyx Ve =Ry

3w,L M,-M L M,-M
Reactions R, = Yol Ma B R, = Wor | A B
8 L 8 L
2 2
Where M, = —1iw " M, = Sw,L
192 192

Fixed-fixed beam - Uniform load partially distributed at left end (ll)

i ju"'lu

a

L.,

-

2
- X

24EI
3(My +LRy)x* — Ryx*
yCB — ( B B) B +
6El
N L’GM,+LR,)-3(2M, +LR,)Lx
6El

Slope 0,¢ :6__E);(W0xz -3R,x—6M,)

Deflection y,. = (wox* —4R,x—12M ,)

Ocs = 2__1511 [Ryx* = 2(M, + LRy)x+ L(2M , + LR,))|

2
Moment MAC=RAx+MA—W02x My =Ry (L—x)+ My

Shear Vie=Ry—wyx Vg =-Ry
wy(L+b)a M, -M,

Reactions R, =

2L L
R, = w0a2 +MA -M,
2L L
_ 2
Where M, =—2°_(61* —8La +3a)
12L
_ 3
M, =" 4 -3q)

1217




Fixed-fixed beam - Uniform load partially distributed

— (g —+——ph —— ¢ —|

2

. x
Deflection y,. = EBM A TR, X)

Yep = _—l[wo(x—a)4 —4RAx3 —12MAx2]

 24E1
_ 3(My + LRy)x* — Ryx’ .

6El
. L’3M, + LRy)—3(Q2M, + LR,)Lx
6EI

Slope 60, = ﬁ(ZMA +R,x)

VB

~1
0. =——
L 6EI

O, = % Ryx” —2(My + LRy)x+L(2M, + LRy)]

[wo (x—a)’ -3R,x* — 6MAx]

2
Moment M,.=M, +R,x MCD:RAX+MA_W0(X2 a)
My =My +Ry(L—x)

VAC =RA VCD =RA _WO(X—CZ)

Wy (2c+b)b—-2M , +2M

Shear Vg = —Ry

Reactions R, =

2L
R - w,(2a+b)b+2M, —-2M
5 2L
Where M, = ;:}]if [bz(ZL —6¢c—3b)+ (6a +3b)(2c+b)2]
M, = %Zf’ [b>(2L - 6a - 3b) + (6¢ + 3b)(2a + b)*]

Fixed-fixed beam - Concentrated load at center

y P

N[~

=

) - Px’
Deflection =—3L-4
Yac 4RE] ( X)
~P(L-x)’
=———— "2 (4x-L
YcB 48E] ( )
—Px -P
Sl 0,.=——(L-2x 6. =——(L*=3Lx+2x*
ope AC 8E[( ) CB SEI( )

-P P
Moment M ,. = ?(L —4x) M= §(3L —4x)

-P

Shear Vic= 5

P
2
Ry =

Reactions R, =

Ve =
P
2




Fixed-fixed beam - Concentrated load at any point
¥y P Deflection y,. = _6%12;2 (3aL —3ax—bx)
Y Cv B g Vep = % (3bx — alL + ax)
a— 7™ b i Slope O = _22‘)5);;6 (2aL —3ax — bx)
- = %[x(3b+a)—ﬁ]
Moment M, = %l;zx (aL —3ax—bx)
M, = PL”f (L’ +bL — Lx —2bx)
Shear Vi = PLb; (L+2a) Vi =— ?’2 (L+2b)
Reactions R, = PLZZZ (L+2a) Ry = PL_ng (L+2b)
Fixed-fixed beam - Two equal concentrated loads symmetrically placed
. — Px’ )
y P IP Deflection y,. = CEIL (BaL —3a” — Lx)
a S A 4V L e Vep = _6§;1L2 (3Lx—3x"—al)
: L a - %};’6)2(3@ _3a’ — L(L-x))
Slope 0y = (2aL =24 ~ L) 0, = ‘ZZZL (L-2)

DB

M

Shear

_P(L—-x)

[ZaL —2a* - L(L - x)]

2EIL

cD —

Vie=P
Reactions R, =R, =P

P
Moment M, =Z(Lx—aL+a2)

2
Pa MDBzg(Lz—Lx—LcHaz)

Vep =0 Vg =—P




Fixed-fixed beam - Couple moment Mo at center

M x*
Deflection =—" (2x-L
y M, Yac 8LE[ ( )
! ) _ Mo (51 ot _arics
A C B -;c Yeg = QLEI (5Lx X X )
-M
) % . % =| Slope 0, = o = E; (10Lx—6x> —4L%)
M -M
Moment M, = 4—L°(6x—L) M = 4L0 (5L —6x)
IM
Shear Vig = 2L0
3IM -3M
Reactions R, =—> R, = .
2L 2L
Fixed-fixed beam - Couple moment Mo at any point
Deflection:
y
M, — M bx* Ma(L - x)’
=————(2al —2ax—-bL —————(2bx—alL
I yAC 2L3EI ( ) yCB 2L3EI ( )
A C Bl x |Slope:
M bx Mya(L—-x)
»e N = 2al -3 bL Oy =—"——>(L" -3b
a— b e = ( aLl —3ax—bL) Oy TEl ( X)
Moment.
Myo="MP0ar —6av—b1) Moy =0 6bx—abL - aL)
6M ,ab
Shear Vg = Lga
6M ,ab —6M ,ab
Reactions R, = —2& R, =—72%2
L L
M b M,
Where M, = My == 2b-a)
Fixed-pinned beam - Uniformly distributed load
W, Deflection = 3L2 —5Lx +2x°
LU |
~ B T, Slope 0AB = —15Lx+ 8x2)
X
” :i Moment M, = — Y (I’ = 5Lx +4x7)
Wo
Shear Vig = ?(SL —8x)
Sw,L 3w, L
Reactions R, = Méo R, = Méo




Fixed-pinned beam - Uniform load partially distributed at fixed end

J]ju"’lu

a

L

Deflection:
_8RL(L =)' ~ 2w L(a—x)' —wya* (L~ x)(L +3b)
Fae ™ 48EIL
_8RyL(L—x)* —wya’ (L —x)(L +3b)
You ™ 48EIL
Slope:
g, = 2R L - x)* +8w,L(a - x)* + wya’ (L +3b)
* 48EIL
g 2R L(L—x)" +wya’(L+3b)
. 48EIL
Moment M, = ZRB(L_X);WO(Q -x)’* M., =R, (L—x)
Shear Vi =—Ry+wy(a=x) Vey=-R,
Reactions R, = wo(L+b)a—2M, R, = M
2L 27
—wy(L+b)’a’

Where M, =

817

Fixed-pinned beam - Uniform load partially distributed at supported end

y

N

2

. x
Deflection y,.= E(RAX-I- 3M,)

_ARLL(L - x)* = w,L(L — x)* N

Yes 24EIL
LT wyb* (L — x)(bL + 3ab + 6a*)
ASEIL

Slope 0, = ﬁ(RAx+ 2M )

—3R,L(L—x)* +w,L(L-x)’ w,b*(bL+3ab+6a")
O = +

6EIL 48EIL
—y)— 2
Moment M, =R x+M, M, = 2Ry (L x)2 w, (L —x)
Shear Vie=R, Vg = =Ry + w,(L—x)
t - 2a+b)b+2M
Reactions R, _wb” —2M, R, = Wo(2a +b) A
2L 2L
—wyb’

Where M, = [aL +b) (L +a) -]

1617




Fixed-pinned beam - Uniform load partially distributed

y

A C

Wile

— 4 —

éx

—ph ——0p —+|

2

. x
Deflection y,. = @(RA)H- 3M,)

4R, (L—x)’—w,(L-x-c)*
= +
Yeo 24E]
o w,b(L —x)[2b2L —-3b*(2a+b)+3Q2c+b)(2a+ b)z]
96EIL

3
Rl
6EI
L wb(L— x)[26°L— 36> (2a+b)+3(2c + b)(2a + b)*|
96EIL

DB

Slope 0, = ﬁ(RAxWL 2M )

—3R,(L—x)" +w,(L—x—c)’
O = +
6EI
N wob[26°L — 3b* (2a + b) + 3(2¢ + b)(2a + b)’|
96EIL
2
Oon = RB&] T
N w,b[2b°L 367 (2a + b) + 3(2c + b)(2a + b)*]
96EIL
Moment M, =R, x+M,
2R (L-x)-wy(L—x—-¢)’

M, = > M5 =Ry (L—x)

Shear Vic=Ry Vep=wy(L—x-¢)—Ry V=R,
Reactions R, = wb2c+b) = 2M,,
2L
_ Wy(2a+b)b+2M
- 2L
—wy(2¢ +b)(2a +b)b(2L +2¢ + b)(2a + b) - b
1612

RB

Where M, =




Fixed-pinned beam - Concentrated load at center

Deflection:
Y P — Px’? —P(L-x)
=—— 23 -5L-x)°
A v B Yac = 96E] YcB 96E] ( ( )7)
—
C é x |Slope:
—Px -P
. , L X 0y =——(6L—11x Oy = ——— (41> —10Lx + 5x°
i > 2 ey TR T )
-P 5P
Moment M, =—6(3L—11x) MCB=—6(L—x)
11P -5P
Sh Vie=— Vg =——
ear ACT 6 CB 16
. 11P 5P
Reactions R, = — B = —
16 16
Fixed-pinned beam - Concentrated load at any point
y P Deflection y — Phx (3L3 3b°L—-31°x+b*x)
AC 3
12EIL
A Cwv B — Pa’(L - x)
é' x' Yo = W (3bL2 - (2L + b)(L - X)z)
+ ¢ > — Pbx 3 2 2 2
. L ;I Slope 0, = 25D (2L =2b"L -3L°x+b"x)
—Pa’ 3 2 2 2
g = 2EID (2L —4L x—-2bLx+2Lx" +bx")
Moment:
- Pb 2
Mo =2 (F =B L-3x+bx) Mo = L9 (L —x)2L+b)
20 2r
— Pa*
Shear Vic = 2L3 (3L -b%) Veg = (2L +b)

Reactions R, =

Pa’

?(3L2—b2) R, = o (2L +b)




Fixed-pinned beam - Two equal concentrated loads symmetrically placed

y P P
A Cwv wvD B
L
:—a—b I 4—,{;—:'

Deﬂection'
Ve = 12EIL2 [(3 a® ~3aL~2L*)(L—x)+2L(3a* ~3aL + %))
~Pa((L-a)(L-x)' ~6L*(L-x)°)
o>~ 2 +
12EIL
_Pa[3L2(L—|—a)(L X) 2L2 2]
12EIL?
P(L—-x)
yDB_W[(3 L 3a 2L2)(L x) +3aL2(L a)]
Slope:
A 12EIL2 — |64 ~3aL - 21%)2L - 3x) +4L(3a> - 3aL + 1)
e = 4EIL2 P L3 -a)L—xy +4L (L0 -L(L+a)]
Oon = 4EIL2 |BaL 34> ~2)(L~x)* +al* (L)

Moment M, = % Ba’L - 3al’ + x(21> + 3aL - 3a%)

My = _—Pf[3(L —a)(L-x)-20"]

My = PE=D 301 342 21
P 3Pa(L—a)
Shear Vie = ﬁ(zﬁ +3al-3a*) V= —r

P
VDB =

2 2L2)
. P 2 2
Reactions R, = Y3 QL +3al —3a”)

Ry =

> 4217 —3al)




Fixed-pinned beam - Couple moment Mo at any point

Deflection: 2b°L—(L—-x)(L* -b
Jy M, YVac = 4EIL3 [ ( ) )]
A B _-M a(L x) 5
( A = (L—x —3L L+b
—a b é Slope 0, = MM [4p2L 21 -3/ — )]
L ! 4E
417 —3(L+b)(x* —2Lx
o =gl B 3L+ B ~210)]
_ MO 2 2 2
Moment M, = T 2b°L—(L-3x)(L"=b")
3M a
=55 (L+D)N(L—-x)
3M
Shear Vig = a(L +Db)
3M 3M,
Reactions R, = 200 (L+b) Ry =N (L+b)
Fixed-pinned beam - Couple moment Mo at supported end
M x *(L-x)
Deflection —_— -
y M, S Y:7)
M x(2L -3
q_‘ Slope QAB — M
A B é x 4EIL
M, (L-3x)
I ;l Moment M ,,=—"—" 7L
-3M
Sh Vig = 0
-3M 3IM
Reactions R, = ¢ R,=—"H"
2L 2L




Overhanging beam - Uniformly distributed load

—WyX

4 Deflection y,5 = (L' -20°x" + Lx* —2a°L* + 2a°x%)

» e 24LE]
A lllllllllll C — TN 42T~ v 6aix. — dax + x>
A Bé . YBc 24E] (4a a’x, —4ax,” +x,°)

L =i: a—| Slope O, = SaLE] (L' —6L°x* +4Lx" —2a° L + 6a°x?)
0, = 2_4201 (4a°L—L' +12a’x, —12ax, +4x,")
Moment M 5 :%(L2 —Lx—a’) Mgy = ~ W (a—x,)
Shear V= ;”—z(ﬁ “2Ix—a®) Vi =wy(a-x,)
Reactions R, =;V—2(L2 —a’) R, =;}—Z(L+a)2
Where x, =x—L
Overhanging beam - Uniformly distributed load on overhang
W, azx
’ W, Deflection =2 L —x
y ulll Yas 12LE[( )
A B C -
—. Vie Z%(4G2L+6612x1 —dax,’ +x,)
2
é wya
‘ L »|« Slope 0, =—"— L2 —3x2
| a— p AB 12LEI( )
Oy = ;—2}; (@’L+3a’x, —3ax,” +x,°)
2

—Wya X -, )

Moment M ,, = 2OL My = 2°(a—x1)
2
Shear Vig = VZVOLa Vee = wyl(a—x,)
—w,a’ 2L+

Reactions R, = i R, _W@Lra)a

2L 2L
Where x, =x—L




Overhanging beam - Concentrated load at end of overhang

. Pax .,
1 Deflect g
y P eflection y,g 6LEI( )
A = y > Vee = _le (261L +3ax1 —xlz)
L é Cc| x 6El
P ~P
= L a—f |Slope Ou = (L =3%) By = (2aL+6ax,~3x)
— P
Moment MAB:%‘X M. =-P(a—x))
- P
Shear Vig = La Vie =P
—P P(L+
Reactions R, =—— R, = (L +a)
L L
Where x, =x—L

Overhanging beam - Concentrated load at any point between supports

. _ —Pbx 272 .2
pt p Deflection y,. = GLEl (L =b"—x")
A v B D_, CB=M(2Lx—a2—x2)
Pabx,
¢ ple —b— ¢ —> = L+
. a . b =I C VBD 6LE[( a)

—Pb
Sl 9 e LZ_b2_3 2
ope AC 6LEI( x7)

— Pa Pab(L+a)
0., = 20 —6Lx+a’ +3x*) O, =———"-
o = orer ¢ ) O 6LEI
Pb P
Moment MAC:TX MCB:Ta(L—x) My, =0
Pb — Pa
Shear VAC = T VCB = I VBD =0
Pb P
Reactions R, =— Ry = ra
L L

Where x, =x—L

Try BEAM DEFLECTION CALCULATOR at vaxasoftware.com

www.vaxasoftware.com
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